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Abstract
We introduce the notion of the strong (r, p) cover number χc(G,k,r, p) for k-uniform hypergraphs
G(V,E), where χc(G,k,r, p) denotes the minimum number of r-colorings of vertices in V such that each
hyperedge in E contains at least min(p,k) vertices of distinct colors in at least one of the χc(G,k,r, p)
r-colorings. We derive the exact values of χc(Kkn ,k,r, p) for small values of n, k, r and p, where Kkn
denotes the complete k-uniform hypergraph of n vertices. We study the variation of χc(G,k,r, p) with
respect to changes in k, r, p and n; we show that χc(G,k,r, p) is at least (i) χc(G,k,r−1, p−1), and, (ii)
χc(G′,k−1,r, p−1), where G′ is any (n−1)-vertex induced sub-hypergraph of G. We establish a general
upper bound for χc(Kkn ,k,r, p) for complete k-uniform hypergraphs using a divide-and-conquer strategy
for arbitrary values of k, r and p. We also relate χc(G,k,r, p) to the number |E| of hyperedges, and the
maximum hyperedge degree (dependency) d(G), as follows. We show that χc(G,k,r, p) ≤ x for integer
x > 0, if |E| ≤ 12 ( r
k
(t−1)k( rt−1)
)x, for any k-uniform hypergraph. We prove that a strong (r, p) cover of size
x can be computed in randomized polynomial time if d(G)≤ 1e ( r
k
(p−1)k( rp−1)
)x−1.
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1 Introduction
Let G(V,E) be an n-vertex k-uniform hypergraph. A hyperedge e ∈ E is said to be properly (r, p) colored
by a r-coloring of vertices in V if at least min(p, |e|) vertices in the hyperedge e are distinctly colored by
the r-coloring. A proper (r, p) coloring of G is an r-coloring of the vertices in V , such that each hyperedge
e ∈ E is properly (r, p) colored. For some values of r and p, G may not have any proper (r, p) coloring.
The decision problem of determining whether G has a proper (r, p) coloring is NP-complete because (i)
the decision problem of bicolorability of hypergraphs is NP-complete [13], and (ii) proper (2,2) coloring
of G is the same as proper bicoloring of G. Therefore, we consider the following problem of proper (r, p)
coloring of a hypergraph. We seek to find a set of r-colorings C = {X1,X2...,} such that there are at least
min(p, |e|) distinctly colored vertices in every hyperedge e∈E in at least one r-coloring in C. Such a set C
is called a strong (r, p) cover for G. We define the strong (r,3) cover number χc(G,k,r,3) as the minimum
number of r-colorings required such that each hyperedge contains at least three vertices of different colors
in at least one of the χc(G,k,r,3) r-colorings. In general, the strong (r, p) cover number χc(G,k,r, p) is
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defined as the minimum number of r-colorings of vertices required such that each hyperedge contains at
least min(p, |e|) vertices of different colors in at least one of the χc(G,k,r, p) r-colorings.
Our problem of finding a strong (r, p) cover for hypergraphs is motivated by some important concepts
in combinatorics and graph theory: bicoloring covers [15], graph decomposition [6], strong coloring of
hypergraphs [2, 4], and can be viewed as a generalization of the notion of separating families [19, 11, 12,
22, 7, 20, 14].
Definition 1. [15] A set of bicolorings C = {X1, ...,Xt} is called a bicoloring cover for a k-uniform
hypergraph G(V,E) if every hyperedge e ∈ E is properly colored in at least one bicoloring Xi, Xi ∈ C.
The minimum cardinality of any such set C is called the bicoloring cover number χc(G).
In [15], we have shown that χc(Kkn) is equal to
⌈
log nk−1
⌉
; and χc(G) = dlogχ(G)e for arbitrary k-
uniform hypergraphs. Algorithms are also presented for computing bicoloring covers of size log |M|+2
and dlog |H|k−1e+1, where M and H denote a matching and a hitting set, respectively. We have also shown
that a bicoloring covers of size x for a k-uniform hypergraph G can be obtained if (i) the number of
hyperedges m is less than or equal to 2(k−1)x−1 , or (ii) the dependency d is upper bounded by 2
x(k−1)
e −1.
Observe that a bicoloring cover (r-coloring cover) of G is equivalent to a strong (2,2) cover (strong
(r,2) cover) for G. So, a strong (r, p) cover is a generalization of a r-coloring cover, where, instead
of two vertices of distinct colors, at least p vertices of distinct colors are required for proper coloring
of hyperedges. Note that χc(G,k,r,2) = χcr(G) (r-coloring cover number of G [15]) and χc(G,k,r,3) ≥
χcr(G), r ≥ 3.
Definition 2. Decomposition of a graph G(V,E) deals with finding a family of graphs H = {H1, ...,H j}
such that (i) V (Hi)⊆V (G) for all Hi ∈H , (ii) ∩Hi∈H E(Hi) = φ, and (iii) ∪Hi∈H E(Hi) = E(G).
The family H may consist of paths, cycles, bipartite graphs or matchings and there is vast literature
for various kinds of decomposition of graphs (see [6]).
A Strong coloring (see [2]) of a k-uniform hypergraph H(V,E) is the problem of r-coloring the ver-
tices in V in such a way that for every hyperedge e ∈ E, each vertex in e gets a different color, for some
r ∈ N. In other words, it is a function C : V → 1, ...,r such that for each hyperedge e ∈ E if v1 ∈ e and
v2 ∈ e, then C(v1) 6= C(v2). The minimum value of r for which H admits a strong coloring is called
the strong chromatic number of H, denoted by γ(H). Blais et.al. [4] proposed a notion of semi-strong
colorings of hypergraphs.
Definition 3 ([4]). For a fixed p≥ 2, a p-strong coloring of H is an assignment of colors to the vertices
in V such that every hyperedge e ∈ E gets min{p, |e|} distinctly colored vertices. The p-strong chromatic
number of H, denoted χ(H, p), is the minimum number of colors required to p-strong color H.
The 2-section of a hypergraph [2, p. 37] H(V,E) is the graph [H]2(V,E ′), where (vi,v j) ∈ E ′ if vi ∈ e
and v j ∈ e, for some e ∈ E, vi,v j ∈ V . It is easy to see that χ(H,k) = χ([H]2), where χ([H]2) denote
the chromatic number of [H]2. So, the general results from chromatic numbers of graphs can be used for
strong coloring of hypergraphs as well. However, observe that a strong (r,r) cover of G cannot be directly
compared with a r-coloring cover (see [15]) of the 2-section graph [G]2 since we cannot directly enforce
that the clique in [G]2 corresponding to a hyperedge in G is covered by a single r-coloring.
A strong (r, p) cover can be viewed as as a minimal separator for the hyperedges of a hypergraph
under certain restrictions. A strong (r, p) cover of G is a set C of r-colorings, C = {X1,X2...,}, such
that each hyperedge e ∈ E consists of at least p distinctly colored vertices in at least one r=coloring Xi,
Xi ∈ C. Observe that the hyperedges properly (r, p) colored by any r-coloring Xi are hyperedges of an
(r, p)-colorable k-uniform sub-hypergraph Hi of G, where each hyperedge in Hi consists of at least p
distinctly colored vertices. So the family of hypergraphs H = {H1,H2...,H|C|}, may be considered to be
a decomposition of G, where Hi∩H j may or may not be empty.
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A strong (r, p) cover can be viewed as a problem of minimal separator for hyperedges of a hypergraph
under restrictions.
Definition 4. Let [n] denote the set 1,2, ...,n. A set S ⊆ [n] separates i from j if i ∈ S and j 6∈ S. A set S
of subsets of [n] is a separator if, for each i, j ∈ [n] with i 6= j, there is a set S in S that separates i from
j. If, for each (i, j) ∈ [n]∗ [n] with i 6= j, there is a set S ∈ S that separates i from j and a set T ∈ S that
separates j from i, then S is called a complete separator. Moreover, with the additional constraint that
the sets S and T that separate i, j are required to be disjoint, then S is called a total separator.
Let f0(n), f1(n), f2(n) denote the size of a minimal separator, a minimal complete separator and a
minimal total separator of [n], respectively. Rényi [19] introduced the notion of separators and showed
that f0(n) = dlog2 ne. Let f0(n,≤ k) and f0(n,= k) denote the size of a smallest separator where each set is
constrained to have at most k elements and exactly k elements, respectively. Katona [11, 12] showed that
these two quantities are identical and established (i) f0(n,≤ k) = dlog2 ne, if k ≥ b n2c, and (ii) n log2 nk log2( enk ) ≤
f0(n,≤ k)≤) n log2(2n)k log2( nk ) , if k < b
n
2c. Wegener [22] improved the upper bound to d log2 nlog2d nk ee(d
n
k e−1) for k <
b n2c. Dickson [7] introduced the problem of complete separators and showed that lim f 1(n)logn = 1. Spencer
[20] showed that f 1(n) is the minimum t such that
( t
t
2
) ≥ n using Sperner’s Lemma. He gave a simpler
formula for f 1(n) as f 1(n) = log2 n+ log2 log2 n+
1
2 log2(
pi
2 ) + o(1). The notion of total separating
system was introduced by Katona [12]. Mao-cheng [14] showed that min{k+ f 2(d nk e)|k = 2, ...,n−2} ≤
f 2(n)≤min{ f 2(k)+ f 2(d nk e)|k = 2, ...,n−2}, which gives f 2(n) =min{2p+3dlog3( n2p )e|p= 0,1,2}.
Definition 5. Given a graph G=(V,E), a family S = {S1, ...,St} of subsets of V is called an E-separating
family if for any edge e = {x,y} ∈ E, there are disjoint Si and S j such that x ∈ Si and y ∈ S j.
For G= (V,E), let g(G) denote the minimum number of subsets in an E-separating family. Edmond’s
problem (see [14]) is to determine g(G) for a graph G = (V,E). Mao-cheng [14] demonstrated that
g(G) = f 2(χ(G)).
We pose the following separation problem for k-uniform hypergraphs.
Definition 6. For a k-uniform hypergraph G(V,E), V = [n], let S = {S1, ...,St}, where ∀Si ∈ S , Si =
{Si1, ...,Sir}, such that (i) S1 j ⊂V , S1 j 6= φ, 1≤ j≤ r, (ii) ∪ jSi j =V , and (iii) ∀e ∈ E, there exists at least
one Si such that e has non-empty intersection with at least p elements of Si. Then, S is called a (r, p)
separator for the hyperedges of G.
It is not hard to see that the minimum cardinality of S is equal to the the strong (r, p) cover number
χc(G,k,r, p) for G.
Consider the scheduling of a movie carnival. Suppose there are n movies to be played in the carnival.
Let m be the number of viewers. Each viewer has a set of k movies that he/she wishes to watch. There
are r time slots for playing movies per day. Each movie can be played only once during a single day.
A viewer cannot watch two movies in the same time slot. In order to promote the event, the organizers
decide to give away some prizes to the set of viewers who have watched at least p movies in a single day
(r ≥ p). Given n movies, m viewers, and r time slots, is it possible to schedule the movies in a single
day in such a way that every viewer can be eligible for the prize i.e. every viewer has a chance to watch
p out of his list of k movies? This problem can be modeled by a strong (r, p) coloring of the k-uniform
hypergraph G(V,E), where
• V is the set of n vertices {V1, ...,Vn}, where each Vi denote a distinct movie, for 1≤ i≤ n;
• E is the set of m hyperedges {E1, ...,Em}, where each E j ⊂ V denote the list of k movies in the
wish list of jth viewer, for 1≤ j ≤ m.
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However, there are hypergraphs which certainly do not have a strong (r, p) coloring. So it may not be
possible to give every viewer an opportunity to be selected for the prize. In order to resolve this problem,
the organizers decide to run the carnival for multiple days. This is equivalent to a set of strong (r, p)
colorings. Now the problem is to minimize the number of days : “Given n movies, m viewers, and r time
slots, what is the minimum number of days the carnival must run so that every viewer gets a chance to
be eligible for the prize (i.e for every viewer, there is at least one day such that he/she can watch at least
p movies out of his list of k movies)”. Observe that the minimum number of days for which the carnival
must run is the strong (r, p) cover number χc(G,k,r, p) of G.
Unless otherwise stated, G denotes a k-uniform hypergraph, having vertex set V (or V (G)) and hyper-
edge set E (or E(G)). Observe that χ(G,k,r,k) = χ(G,k,r, p) for all values of p ≥ k. We assume k is at
least p in the rest of the paper.
1.1 Organization of the paper
In Section 2, we describe some terminologies, preliminary results on the maximum number of hyperedges
that can be covered by any r-coloring and prove some exact results and bounds for χc(Kkn ,k,r, p) for small
values of n, k, r and p. In particular, we show that χc(K37 ,3,3,3) = χ
c(K38 ,3,3,3) = χ
c(K39 ,3,3,3) = 4
and we investigate for every valid combination of k, r and p for n≤ 7.
In Section 3, we show that χc(G,k,r, p) is at least (i) χc(G,k,r, p− 1), (ii) χc(G,k,r− 1, p− 1), and
(iii) χc(G′,k−1,r, p−1), where G′ is any (n−1) vertex sub-hypergraph of G.
In Section 4, we establish a upper bound on χc(G,k,3,3) of 13 (
n
k−1 )
2.71+ log 3
2
n
k−1 −1 if k is odd and
1
3 (
n
k−2 )
2.71+ log 3
2
n
k−2−1 if k is even. We show that the upper bound reduces drastically (to O(n1.59) from
O(n2.71) for a fixed k) when 4 colors instead of 3 colors are used. We prove the general upper bound of
χc(G,k,r, p)≤ χc(Kkn ,k,r, p)≤
(
n(p−1)
(k−1−l)r
)log r
p−1
D
+ log r
p−1
(
n
k−1−l
)
−1, for some fixed l, 0≤ l ≤ p−2,
on χc(Kkn ,k,r, p), where D = d
( rp−1)
b rp−1 ce.
In Section 5, we relate the p-strong chromatic number χ(G, p) and strong (r, p) cover number χc(G,k,r, p)
and show that χc(G,k,r, p)≥ logr χ(G, p).
In Section 6, we show that every k-uniform hypergraph G(V,E) with number of hyperedges |E| less
than or equal to 12 (
rk
(p−1)k( rp−1)
)x has a strong (r, p) cover of size x. We also prove that if the maximum
dependency of any hyperedge of G is less than or equal to 1e (
rk
(p−1)k( rp−1)
)x−1, then χc(G,k,r, p)≤ x.
2 Preliminaries
Given fixed r and p, a hypergraph with too many hyperedges may have no r-coloring of its vertices
enforcing a proper (r, p) coloring on every hyperedge of the hypergraph. It is interesting to find the
maximum number m of hyperedges such that (i) there exists a k-uniform hypergraph G(V,E) with a
proper (r, p) coloring, and (ii) G(V,E ∪ e) does not have any proper (r, p) coloring for every hyperedge
e 6∈ E. Let M(n,k,r, p) denote the maximum number of hyperedges of any n-vertex k-uniform hypergraph
G(V,E) that can be properly (r, p) colored by a single r-coloring. We have the following theorem from
[16].
Theorem 1. [16] For a fixed n, k, r and p, the maximum number of properly (r, p) colored k-uniform
hyperedges M(n,k,r, p) on any n-vertex hypergraph G is at most
(n
k
)−∑p−1i=1 m(n1,k,r, i) and at least (nk)−
∑p−1i=1 m(n2,k,r, i), where n1 = b nr c·r, n2 = d nr e·r, and m(n′,k,r, i) =
(r
i
)(( n′
r i
k
)− i( n′r (i−1)k )+( i2)( n′r (i−2)k )...
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Hyperedges Covered By Hyperedges Covered By Hyperedges Covered By Hyperedges Covered By
{1 2 3} X2, X3, X4 {1 5 9} X1, X2, X3 {2 5 9} X1 {3 8 9} X3
{1 2 4} X4 {1 6 7} X1 {2 6 7} X1, X2, X3 {4 5 6} X2, X3, X4
{1 2 5} X3 {1 6 8} X1, X2, X4 {2 6 8} X1 {4 5 7} X4
{1 2 6} X2 {1 6 9} X1 {2 6 9} X1 {4 5 8} X3
{1 2 7} X3 {1 7 8} X4 {2 7 8} X3 {4 5 9} X2
{1 2 8} X4 {1 7 9} X3 {2 7 9} X2 {4 6 7} X3
{1 2 9} X2 {1 8 9} X2 {2 8 9} X4 {4 6 8} X2
{1 3 4} X3 {2 3 4} X2 {3 4 5} X2 {4 6 9} X4
{1 3 5} X2 {2 3 5} X4 {3 4 6} X3 {4 7 8} X3
{1 3 6} X4 {2 3 6} X3 {3 4 7} X1 {4 7 9} X4
{1 3 7} X4 {2 3 7} X2 {3 4 8} X1, X2, X3 {4 8 9} X2
{1 3 8} X2 {2 3 8} X3 {3 4 9} X1 {5 6 7} X2
{1 3 9} X3 {2 3 9} X4 {3 5 6} X4 {5 6 8} X4
{1 4 5} X3 {2 4 5} X4 {3 5 7} X1, X2, X4 {5 6 9} X3
{1 4 6} X4 {2 4 6} X2 {3 5 8} X1 {5 7 8} X4
{1 4 7} X1, X3, X4 {2 4 7} X1 {3 5 9} X1 {5 7 9} X2
{1 4 8} X1 {2 4 8} X1 {3 6 7} X1 {5 8 9} X3
{1 4 9} X1 {2 4 9} X1, X2, X4 {3 6 8} X1 {6 7 8} X2
{1 5 6} X2 {2 5 6} X3 {3 6 9} X1, X3, X4 {6 7 9} X3
{1 5 7} X1 {2 5 7} X1 {3 7 8} X2 {6 8 9} X4
{1 5 8} X1 {2 5 8} X1, X3, X4 {3 7 9} X4 {7 8 9} X2, X3, X4
X1 X2 X3
1
2
4
5
7 1
4
2
5 6
1
6
3
5
2
3 6
8
9 7 8
3
9 8 7
4
9
X4
1
5
3
4
2
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Figure 1: χc(K39 ,3,3,3) = 4: C11 = {X1,X2,X3,X4} is a proper (3,3) cover for K39 .
(−1)c(ic)( n′r ck )), and, c is the smallest integer such that n′r c>= k. Moreover, the number of properly (r, p)
colored hyperedges is maximized when the r-coloring is balanced.
Corollary 1. [16] The maximum number of properly (r,r) colored hyperedges of a Krn in any r-coloring
(i) is M(n,r,r,r) = |A1||A2|...|Ar|, and, (ii) the r-coloring that maximizes the number of properly colored
hyperedges splits the vertex set into equal sized parts.
Theorem 1 directly implies the following lower bound for χc(G,k,r, p) based on the number of hy-
peredges of G.
Corollary 2. Let G(V,E) be any n-vertex k-uniform hypergraph, and r and p be fixed positive integers,
where r ≥ p. Then, then χc(G,k,r, p)≥ |E|M(n,k,r,p) .
Using Theorem 1, Corollary 1, and Corollary 2, we have enumerated all the exact values of χc(Kkn ,k,r, p)
for all valid combinations of the parameters upto n≤ 7 (see Table 2). We demonstrate the proof for exact
values of χc(Kkn ,k,r, p) only for n = 7,8,9, and k = r = p = 3.
Theorem 2. χc(K37 ,3,3,3) = χ
c(K38 ,3,3,3) = χ
c(K39 ,3,3,3) = 4.
Proof We show the relations by proving (1). χc(K37 ,3,3,3)≥ 4, and (2). χc(K39 ,3,3,3)≤ 4. K37 contains
35 hyperedges. Using Corollary 1, the maximum number of hyperedges that can be properly (3,3) colored
is 12 hyperedges using an almost equal partition. Let these colorings be Type I coloring. We consider
two mutually exclusive cases: colorings that include at least one Type I coloring and colorings that do not
contain any Type I coloring.
5
1. Without loss of generality, let the coloring be X1 = {red: {v1,v2,v3}, blue: {v4,v5}, green: {v6,v7}}:
a Type I coloring. We can verify with a simple code that after X1, any coloring can properly (3,3) color
at most 9 new hyperedges. If we do not use any coloring that divides the vertex set into almost equal
partitions (i.e. type-1 coloring), then it is easy to see that the maximum number of hyperedges that can
be properly (3,3) colored cannot exceed 8. we need at least 5 type-2 colorings to cover the hypergraph.
So any set of three 3-colorings can properly (3,3) color at most 12+9+9 = 30 < 35 hyperedges. So
we need at least 4 3-colorings of vertices to cover K37 and hence χ
c(K37 ,3,3,3)≥ 4.
2. Let X1 = { red: {v1,v2,v3}, blue: {v4,v5,v6}, green: {v7,v8,v9}}, X2 = { red: {v1,v4,v7}, blue: {v2,
v5,v8}, green: {v3,v6,v9}}, X3 = {red:{v1,v6,v8}, blue: {v3,v5,v7}, green: {v2,v4,v9}}, X4 = {red: {
v1,v5,v9}, blue: {v3,v4,v8}, green: {v2,v6,v7}}. Let C11 = {X1,X2,X3,X4}. From Fig. 1, it is clear
that C11 properly (3,3) colors every hyperedge of K39 . So χ
c(K39 ,3,3,3)≤ 4.
2
PPPPPPPn, k
r, p
3,3 4,3 4,4 5,3 5,4 5,5 6,3 6,4 6,5 6,6 7,3 7,4 7,5 7,6 7,7
4,3 2 1 1
4,4 1 1 1
5,3 3 2 2 1
5,4 2 1 3 1 1 1
5,5 1 1 1 1 1 1
6,3 3 3 3 2 2 2 1 1 1 1
6,4 2 2 (4,5) 1 3 3 1 1 1 1
6,5 1 1 2 1 1 3 1 1 1 1
6,6 1 1 1 1 1 1 1 1 1 1
7,3 4 3* (6,-) 2 2 2 2 2 2 2 1 1 1 1 1
7,4 (3,-*) 2 (5,-) 2 3 3 1 3 3 3 1 1 1 1 1
7,5 2 1 (3,-*) 2 2 (6,-) 1 1 3 3 1 1 1 1 1
7,6 2 1 2 1 1 2 1 1 1 (4,-) 1 1 1 1 1
7,7 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
8,3 4
9,3 4
Table 1: χc(Kkn ,k,r, p) for small values of n, k, r and p. Table value (a,b) indicate that a is the lower
bound and b is the upper bound for corresponding χc(Kkn ,k,r, p). For the ’*’ indicated values, the proof
is given in the appendix.
3 Lower bounds for χc(Kn,k,r, p)
In this section, we study the behavior of the strong (r, p) cover number with respect to changes in its
parameters, namely n, k, r and p.
Proposition 1. Let Gn denote a n vertex k-uniform hypergraph. Then,
χc(Gn,k,r, p)≥

χc(Gn,k,r+1, p). (1)
χc(Gn,k,r, p−1). (2)
χc(Gn,k,r−1, p−1). (3)
χc(Gn−1,k−1,r, p−1). (4)
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Proof
(1) To see that χc(Gn,k,r, p)≥ χc(Gn,k,r+1, p), observe that any strong (r, p) cover for Gn is a trivial
strong (r+1, p) cover for Gn.
(2) The first inequality follows from the definition: if some hypergraph Gn on n vertices has a strong
(r, p) cover of size χc(Gn,k,r, p), the same cover ensures a (r, p− 1) strong cover itself and the cover
number can only reduce with reduction of p. Therefore, χc(Gn,k,r, p) is an increasing function with
respect to p.
(3) Let χc(Gn,k,r, p) = l. Consider some set C of l r-colorings {X1, ...Xl} that properly (r, p) covers
all the hyperedges of Gn, where each Xi, 1≤ i≤ l, is a r-coloring of vertices of Gn. Construct a new set
C′ = {X ′1, ...X ′l } of (r−1) colorings from C, |C′|= |C|, as follows: in X ′i , color classes of color 1 through
r−1 remain the same as in Xi; the vertices of rth color in Xi are arbitrarily added to any one of the other
color class (let (r−1)th color class) in X ′i . So, each C′ consists of a set of (r−1) colorings of vertices of
Gn. Consider any hyperedge e ∈ E(G) that is properly (r, p) colored by Xi ∈C. If e does not contain any
vertex colored with r in Xi, then e still consists of p distinctly colored vertices in X ′i , and so, it is properly
(r−1, p−1) colored. If e contains some vertex colored with r in Xi, since it is properly (r, p) colored, it
must contain vertices of p−1 other colors, which ensures a proper (r−1, p−1) coloring of e in X ′i .
(4) Let the vertices of Gn be N = {1,2, ...,n}. Let χc(Gn,k,r, p) = l. Consider some set C of l r-
colorings {X1, ...Xl} that properly (r, p) covers all the hyperedges of Gn, where each Xi, 1 ≤ i ≤ l, is a
r-coloring of vertices of Gn. Construct a new hypergraph Gn−1 on vertex set N \n and hyperedge set
E(Gn−1) =
{
{e−n|e ∈ E(G)}if n ∈ e.
all the k−1 sized sets of e otherwise. (1)
Construct a new set C′ = {X ′1, ...X ′l } of r-colorings from C, |C′|= |C|, as follows: in X ′i , color every vertex
v j ∈ {1,2, ...,n−1}with the same color as the color of v j in Xi. Every hyperedge e′ ∈ E(Gn−1) belongs to
one of the following two exhaustive categories, based on whether its corresponding hyperedge e ∈ E(Gn)
contains n. (i) e ∈ E(Gn) and n ∈ e: The corresponding hyperedge e′ = e \ n in E(Gn−1) consists of
exactly k− 1 vertices. Observe that C′ properly (r, p− 1) covers e′: if Xi properly (r, p) colors e in C,
then X ′i properly (r, p) colors e′ in C′. (ii) e ∈ E(Gn) and n 6∈ e: From definition of E(Gn−1), exactly k
hyperedges of size k− 1 derived from e in E(Gn−1). Note that if Xi ∈C properly (r, p) covered e, then
every hyperedge derived from e in E(Gn−1) can be properly (r, p−1) covered by the r-coloring X ′i ∈C′.
This concludes the proof of all the statements of Proposition 1. 2
4 General upper bounds
In this section, we derive upper bounds on χ(G,k,r, p) based on the parameters. Let χe(G) denote the
chromatic index of hypergraph G, i.e., the minimum number of colors required to color the hyperedges
such that no two intersecting hyperedges receive the same color. Note that each color class of an optimal
hyperedge coloring of G splits the hypergraph into χe(G) disjoint matchings. Observe that every hyper-
edge of each of the matchings can be properly (r, p) colored by a single r-coloring. So, χe(G) r-colorings
are always sufficient for a strong (r, p) cover of any hypergraph G.
Observation 1. For any k-uniform hypergraph G, χ(G,k,r, p)≤ χe(G).
Vizing’s theorem ([21],[23, pp. 277-278]) states that every simple graph H has an edge coloring using
∆(H)+1 colors, where ∆(H) is the maximum degree of any vertex in H. For simple hypergraphs (i.e. two
hyperedges can share at most 1 vertex), Kahn [10] showed that χe(G) is upper bounded by n+o(n). Erdos
et.al. [8] also conjectured that χe(G) is n for simple hypergraphs. A corollary of Baranayi’s theorem [1, 3]
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states stat chromatic index of a complete n-vertex k-uniform hypergraph is d (
n
k)
b nk ce. In what follows we
relate χ(G,k,r, p) to its parameters and compute strong (r, p) covers.
Let T (n) denote the number of r-colorings used by the algorithms in this section to properly (r, p)
cover all the hyperedges of Kkn (each hyperedge contains at least p distinctly colored vertices in at least
one of the r-colorings). In particular, if r = 3 (r = 4) and p = 3 (p = 4), T (n) denotes the number of
3-colorings(4-colorings) used by the algorithm to properly (3,3) ((4,4)) cover all the hyperedges of Kkn .
We start the analysis of χc(G,k,r,3) for general hypergraphs with a complete k-uniform hypergraph Knk
with r = 3, k ≥ 3.
Consider the following algorithm Knk33cover for computing a strong (3,3) cover C1 for a Knk.
Knk33cover 3-colors the vertices of a Knk with each color class of almost equal sizes: the 3-coloring
of vertices splits the vertex set into three color classes, V1, V2 and V3, each of size either b n3c or d n3e. Let
this coloring be X1. The hyperedges containing at least one vertex from each of the three color classes is
properly (3,3) colored by X1. The hyperedges that are not properly (3,3) colored by the first 3-coloring
X1 consists of vertices of at most two of the three classes. So, there are 3 possibilities: the remaining
hyperedges consists of vertices of only V1∪V2 or V2∪V3 or V3∪V1. Therefore, the problem of computing
a strong (3,3) cover for Kkn reduces to computing a strong (3,3) cover for K
k
d 2n3 e
, i.e. the problem size
reduces to d 2n3 e after the first 3-coloring.
Now, we establish the base case for Knk33cover. Consider the case when k is odd and n≤ 3(k−1)2 . We
can 3-color the vertices such that each color class is of size at most (k−1)2 . Merging any two color classes
would result in at most k− 1 vertices, so any hyperedge must contain at least one vertex each from the
three color classes i.e. every hyperedge is properly (3,3) colored. When k is even, in a single 3-coloring,
we can allow a color class of size k2 and two color classes of size
k−2
2 such that merging any two color
classes would result in at most k− 1 vertices, i.e. if k is even and n ≤ 3(k−1)−12 , a single 3-coloring can
properly (3,3) color every hyperedge.
So, the following recurrence describes the upper bound for χc(Kkn ,k,3,3).
T (n)≤

1, if
{
n≤ 3(k−1)2 and k odd,
n≤ 3(k−1)−12 and k even.
3T (d 2n3 e)+1, if
{
n > 3(k−1)2 and k odd,
n > 3(k−1)−12 and k even.
Solving the recurrence recursively for i iterations (ignoring the ceiling), we get,
T (n)≤ 3iT ( n
( 32 )
i
)+ i.
Solving the recurrences for the odd and even values of k separately with proper substitutions, we have the
following theorem.
Theorem 3. For any arbitrary n vertex k-uniform hypergraph G,
χc(G,k,3,3)≤ χc(Kkn ,k,3,3)≤
{
1
3 (
n
k−1 )
2.71+ log 3
2
n
k−1 −1, if k is odd,
1
3 (
n
k−2 )
2.71+ log 3
2
n
k−2 −1, if k is even.
Observe that there is a large variation in upper bounds of χc(Kkn ,k,3,3) and χc3(K
k
n) [15]. Using
Proposition 1 inequality (1), it is clear that increasing the number of colors in each of the colorings is a
possibility for reducing the strong cover size. So, we increase the number of colors used in each coloring
to four colors and evaluate χc(Kkn ,k,4,3) i.e. minimum number of 4-colorings of vertices V (Kkn) such that
every hyperedge in Kkn is properly (4,3) colored.
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Consider the algorithm Knk43cover for computing a properly (4,3) cover for Kkn . Knk43cover per-
forms a balanced 4-coloring of vertices into four color classes, V1,V2,V3,V4, each color class containing
at most d n4e vertices. The hyperedges that comprise at least one vertex from any three color classes is
properly (4,3) covered. So, the hyperedges still uncovered consists of vertices of at most two of the
four classes. It may seem that we need
(4
2
)
= 6 four colorings in the recursive step: the total number
of 4-colorings computed by the algorithm to properly (4,3) cover every hyperedge of Kkn is given by the
recurrence T (n) ≤ 6T (d n2e) + 1. However, we can use parallelism in coloring using the fact that the
hyperedges e1 ⊆ V1∪V2 and e2 ⊆ V3∪V4 are independent: these hyperedges can be covered simultane-
ously by the same four coloring. Similarly, hyperedges e3⊆V1∪V3 can be covered alongside hyperedges
e4 ⊆ V2 ∪V4, and hyperedges e5 ⊆ V1 ∪V4 can be covered alongside hyperedges e6 ⊆ V2 ∪V3. So, we
need three 4-colorings in the recursive step. Proceeding in the same direction as in the proof of Theorem
3, we get the following theorem.
Theorem 4. For any arbitrary n vertex k-uniform hypergraph G,
χc(G,k,4,3)≤ χc(Kkn ,k,4,3)≤
{
1
3 (
n
k−1 )
1.59+ log2
n
k−1 −1, if k is odd,
1
3 (
n
k−2 )
1.59+ log2
n
k−2 −1, if k is even.
There is a reduction in the upper bound of χc(G,k,r,3) from O(n2.71) to O(n1.59) (for fixed constant
k ≥ 3) when we use four instead of three colors. This reduction is due to the parallelism achieved in
the colorings in the recursive step. This leads us to the conjecture that increasing the number of color
in coloring reduces the value of χc(G,k,r,3). In what follows, we investigate for the general case of
χc(Kkn ,k,r, p) and maximize this parallelism.
Consider a balanced r-coloring X1 of vertices of Kkn : this results in color partition V = {V1, ...,Vr} of
the vertices, each of size d nr e (except possibly the last partition). Any hyperedge that includes at least one
vertex from at least p parts of V is properly (r, p) colored by X1. The hyperedges which are not properly
(r, p) colored by X1 are completely contained inside any of the (p−1) parts. Let
( [V ]
p−1
)
denote the set of
all the (p−1) sized subsets of V = {V1, ...,Vr} i.e.
( [V ]
p−1
)
= {{V1,V2, ...,Vp−1},{V1,V2, ...,Vp−2,Vp}, ...,
{V1,V2, ...,Vp−2,Vr}, ...,{Vr−p+2,Vr−p+3, ...,Vr−1,Vr}}. |
( [V ]
p−1
)| = ( rp−1). So, a hyperedge e is not prop-
erly (r, p) colored by X1 if there exists an element of
( [V ]
p−1
) {Vi, ...,Vj} such that e⊆Vi∪ ...∪Vj.
We now analyze the hyperedges which can be covered simultaneously in subsequent r-colorings.
Observe that two hyperedges e1 ⊆ Vi∪ ...∪Vj and e2 ⊆ Vs∪ ...∪Vt , {Vi, ...Vj} ∈
( [V ]
p−1
)
and {Vs, ...Vt} ∈( [V ]
p−1
)
, can be properly (r, p) colored by the same r-coloring if {Vi, ...Vj}∩ {Vs, ...Vt} = φ. In order to
compute the number of r-colorings used in the recursive step, we construct a graph H as follows: 1. Put
the elements of
( [V ]
p−1
)
, each containing (p−1) parts, as the vertices of H. 2. Connect an edge between two
vertices if they share some part, i.e. if {Vi, ...Vj}∩ {Vs, ...Vt} 6= φ, an edge is added between {Vi, ...Vj}
and {Vs, ...Vt}. Consider some proper coloring of vertices of H. Each color class represents the set S
such that x1 ∈ S and x2 ∈ S implies x1,x2 ∈ ( [V ]p−1) and x1∩ x2 = φ. Therefore, χ(H) r-colorings are
sufficient in the recursive step. In order to compute χ(H), observe that H is the line graph of the complete
p−1-uniform r vertex hypergraph HL on the vertex set {V1, ...,Vr}. So, using Baranayi’s theorem [1, 3],
χ(H) = χe(HL) = d (
r
p−1)
b rp−1 ce. Let D = d
( rp−1)
b rp−1 ce. Therefore, we need at most D more r-colorings of
(p−1)n
r
vertices to guarantee coverage of Knk.
We choose an integer l, 0 ≤ l ≤ p−2, such that k−1− l is divisible by p−1. To see that T (n) = 1
for n ≤ r(k−1−l)p−1 , observe that we can r-color the vertices such that each color class is of size at most
k−1−l
p−1 , such that we need at least p color classes to form a hyperedge of size k. So we have the following
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recurrence.
T (n)≤
1, if n≤
r(k−1−l)
p−1 , for 0≤ l ≤ p−2,
DT ( (p−1)nr )+1, otherwise, where D = d
( rp−1)
b rp−1 ce.
Setting (p−1)
in
ri =
r(k−1−l)
p−1 , i =
log( nk−1−l )
log( rp−1 )
−1 = log r
p−1
n
k−1−l −1. Consequently,
T (n)≤Dlog rp−1
n
k−1−l−1+ log r
p−1
( n
k−1− l
)
−1
=
( n(p−1)
(k−1− l)r
)log r
p−1
D
+ log r
p−1
( n
k−1− l
)
−1 .
The following upper bound follows from the above inequality.
Theorem 5. Let G(V,E) be an arbitrary n vertex k-uniform hypergraph. Let r denote the number of
colors used in each coloring of vertices of V , and p denote the minimum number of distinctly colored
vertices in any hyperedge to make it properly (r, p) colored by any r-coloring. Let l, 0 ≤ l ≤ p− 2, be
fixed such that k− l−1 is divisible by p−1. Then,
χc(G,k,r, p)≤ χc(Kkn ,k,r, p)≤
( n(p−1)
(k−1− l)r
)log r
p−1
D
+ log r
p−1
( n
k−1− l
)
−1,
where D = d (
r
p−1)
b rp−1 ce.
5 p-strong chromatic number and strong (r, p) cover number
We know that the bicoloring cover number χc and the chromatic number χ are related as blogχ(G)c ≤
χc(G)≤dlogχe ([15]). In what follows, we investigate the relation between the strong (r, p) cover number
χc(G,k,r, p) and p-strong chromatic number χ(G, p).
Let G(V,E) be a n vertex k-uniform hypergraph. Let C be a strong (r, p) cover of size χc(G,k,r, p).
By definition of strong cover, every hyperedge is at least p-chromatic in at least one of the r-colorings
in C. Every vertex has a color bit vector of χc(G,k,r, p) colors assigned to it by C, each color being one
of {0,1, ...,r− 1}. Let v ∈ V has the color bit vector {bχc(G,k,r,p)−1,bχc(G,k,r,p)−2, ...,b0}. Consider the
vertex coloring X of the vertices in V with rχ
c(G,k,r,p) colors: compute cv = rχ
c(G,k,r,p)−1bχc(G,k,r,p)−1 +
rχ
c(G,k,r,p)−2bχc(G,k,r,p)−2+ ...+ r0b0 and assign cv as the color of v in X .
We claim that X is a valid strong p-coloring for G. Consider any hyperedge e ∈ E(G). We know
from definition of strong (r, p) cover that there exists a r-coloring Xi ∈C such that e consists of at least p
distinctly colored vertices, 1≤ i≤ χc(G,k,r, p). Let x1,..., xp be the p vertices of e that are colored with
distinct colors in Xi. From the computation of color cv for v ∈ V , it is clear that x1,..., xp receive distinct
colors in X . As a result, a valid strong (r, p) cover of size χc(G,k,r, p) can be mapped to a valid strong
p-coloring with rχ
c(G,k,r,p) colors. So, we have the following theorem.
Theorem 6. For any k-uniform hypergraph G(V,E), χc(G,k,r, p)≥ logr χ(G, p).
To check whether the converse also holds, we examine the case of r = p = 3: given a valid strong
3-coloring with χ(G,3) colors, whether that can be mapped to strong (3,3) cover of size log3χ(G,3). We
give a counter example to show that this may not hold for all hypergraphs. Consider the hypergraph K35
with vertex set {v1, ...,v5}. Color each vertex vi,1≤ i≤ 5, with color i to get a 5-coloring of vertices X1.
Note that X1 is a valid strong 3-coloring for K35 , so χ(K
3
5 ,3)≤ 5. So, dlog3χ(K35 ,3)e= 2. From Section
??, we know that χc(K35 ,3,3,3) is 3. Therefore, dlog3χ(K35 ,3)e 6≥ χc(K35 ,3,3,3).
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6 Probabilistic analysis: relationship with the number of hyper-
edges and dependency
Let m(r, p,x) denote the minimum number of hyperedges such that there exists a k-uniform hypergraph G
that does not have a strong (r, p) cover of size x, k ≥ p. We perform x independent r-colorings on G. We
start our analysis with p= 3. Let the bad eventEi corresponds to the hyperedge ei colored with less than 3
colors in each of the x independent colorings. Observe thatEi can occur only if ei is either monochromatic
or consists of exactly 2 colors in each of the x independent bicolorings. The probability (say p1) that ei
is colored with exactly one color in one r-coloring is r( 1r )
k = 1rk−1 . The probability that ei is colored
with exactly two colors (say 0 and 1) in one r-coloring is ( 2r )
k− 2( 1r )k. So, the probability (say p2)that
ei is colored with exactly two colors (any one out of
(r
2
)
pairs) in one r-coloring is
(r
2
)
(( 2r )
k− 2( 1r )k).
Therefore, sum of p2 and p1 is the probability p3 of the event that ei colored with less than 3 colors in
one r-coloring. The probability that ei is colored with less than 3 colors in each of the x independent
r-colorings is (p3)x, which is equivalent to p(Ei). So,
p(Ei) =
((
r
2
)((2
r
)k−2(1
r
)k)
+
1
rk−1
)x
=
((
r
2
)
(
2
r
)k− r(r−1)(1
r
)k + r
1
rk
)x
=
((
r
2
)
(
2
r
)k− r(r−2)(1
r
)k
)x
≤
((
r
2
)
(
2
r
)k
)x
. (2)
If the number of hyperedges is less than or equal to 12
( 1
r−1 (
r
2 )
(k−1))x, summing the bad events p(Ei) for
each ei ∈ E(G), the probability that any hyperedge is colored with less than 3 colors in each of the x
r-colorings is less than 12 . Consequently, the hypergraph has a strong (r,3) cover of size x and that can be
obtained by x random r-colorings of vertices in expected two iterations.
For the case of strong (r, p) cover, the bad event E corresponds to the hyperedge e colored with less
than p colors in each of the x independent colorings. The probability p(E) is at most (
( r
p−1
)
( p−1r )
k
)x: the
hyperedges colored with less than p−1 colors are counted more than once in this probability. In order to
enforce the condition that p(E) is less than 1, we need to ensure
( r
p−1
)
( p−1r )
k
is less than 1.(
r
p−1
)( p−1
r
)k
≤
( er
p−1
)(p−1)( p−1
r
)k
= ep−1
( p−1
r
)(k−p+1)
< 1
=>p−1+(k− p+1)(ln(p−1)− lnr)< 0
Choosing a value of k ≥ 2p−1, r ≥ e(p−1), this condition is satisfied. If the number of hyperedges is
less than or equal to 12 (
rk
(p−1)k( rp−1)
)x, summing the probabilities for each hyperedge, the probability that
any hyperedge is colored with less than p colors in each of the x r-colorings is less than 12 . Therefore,
1
2 (
rk
(p−1)k( rp−1)
)x < m(r, p,x), provided k ≥ 2p−1, r ≥ e(p−1).
The dependency of a hyperedge e in a k-uniform hypergraph G(V,E), denoted by d(G,e) is the num-
ber of hyperedges in the set E with which e shares at least one vertex. The dependency of a hypergraph
d(G) or simply d, denotes the maximum dependency of any hyperedge in the hypergraph G. Lovász local
11
lemma [9, 18] and its constructive version [17] ensures the existence and enables the computation of a
bicoloring of a k-uniform hypergraph with dependency at most 2
k−1
e − 1, respectively. Chandrasekaran
et.al. [5] proposed a derandomization for local lemma that computes a bicoloring in polynomial time.
In what follows, we use similar techniques for establishing permissible bounds on the dependency of a
hypergraph as a function of the size of its desired strong (r, p) cover, and for computing such strong (r, p)
covers.
Let the bad event Ei correspond to the hyperedge ei colored with less than p colors in each of the x in-
dependent r-colorings. E be the set of all the bad events. The probability p(Ei) is at most (
( r
p−1
)
( p−1r )
k
)x.
So, by the direct application of local lemma corollary, the maximum allowable dependency d of a hyper-
edge becomes 1e (
rk
(p−1)k( rp−1)
)x− 1. In other words, if the dependency of the hypergraph G is less than
or equal to 1e (
rk
(p−1)k( rp−1)
)x− 1, then χc(G,k,r, p) ≤ x. Moreover, a strong (r, p) cover of size x can be
computed in randomized polynomial time using an adaption of Moser-Tardos algorithm, MTC.
Data: k-uniform hypergraph G(V,E) with d ≤ 1e ( r
k
(p−1)k( rp−1)
)x−1
Result: Set X of r-colorings of size x
for v ∈V do
for i ∈ {1, ...,x} do
rvi← a random evaluation of v in ith r-coloring of X ;
end
end
while ∃Ei ∈ E: Ei happens i.e., every r-coloring in X colors ei with less than p colors do
Pick an arbitrary violated event Ei ∈ E ;
for v ∈ ei do
for i ∈ {1, ...,x} do
rvi← a random evaluation of v in ith r-coloring of X ;
end
end
end
Algorithm MTC: Randomized algorithm for computing a strong (r, p) cover
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